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— gonal polygon with k—1 I, — gonal holes C,
(for i=2, ..., kk; 1.2 3) (cf. [4]). Then the generalized
polygon has Y I; sides, which we will denote by o (i=
i=1
=12 ... kj=12.,1).
For every such polygon we introduce a special
division in the following manner. We shall call the set
ND(P): = {AU.}i:12 ’’’’’ Kiz12., of simply connected regions
ko

i =P, c,CFr(A), Int(A, O A =
i1j1 4 u g

Cj: - Fr('ij)‘ di, for (i'j)y=(1i";j"), where v =

Aij such that

=,
k

= >'l;, the normal v-division of the polygon P.Notice
thf;tlevery sub-region NDP(cl.j)e ND(P) is bordered
exactly with the exterior of the polygon P along the
side c,. It is easy to see that for an arbitrary polygon P
the important v-divisions are the regular roof (for
a polygon with allowed positions of vertices) and the
Voronoi diagram induced by the polygon P [7, 20].

2. v-normal division of a v-gonal polygon. Suppose
now that a homogeneous mass m(X) is distributed
along the total generalized polygon P. The introduced
static moment of the point X with respect to the line
segment ¢ makes it possible to define the static moment
of the region RE (of material points with density p(X) at
arbitrary point X) with respect to the line segment c as
the suitable integral 3/c, X) {(X)dm.

Under the aSSuI'?lFiDtiOHS mentioned above, we can
formulate the following theorem.

Theorem (a static moment of a polygon with respect
to the border). Among all normal v-divisions of
a generalized homogeneous v-gon, the sum of static
moments of Voronoi regions induced by the Voronoi
diagram of this polygon with respect to its sides is the
smallest (minimal).

Proof. Let us consider the polygon P and its Voronoi
diagram VD(P) as a v-division of polygon P. Let us write
the integral sum leading to the static moment with
respect to the arbitrary fixed side c

.. nvl

\i 1

n, 1
S

fori=1,2, ... kij=1,2, ..,1,1,> 3.

X3y ml, (6)

fci,
1

Then
lim v 3/(c; . X2)dm. 7
n; o f, WDP(CU )) o0 n; VDP(nU() [] S) ( )
Let us denote
¥ n, of, &D,(c,)o0 " (8)
k|
Vi (9)

i1j1

Consider the other division of P, namely n-division
ND(P) of P. Then, there exists at least one point X and
a corresponding side ¢ ; of the polygon P, such that
XeEeNDpc j and X VDpC; . It is equivalent that
it exists Cj j such that Cjj #Cj j and X ¢ VDp Ci -
Let us denote by 6, the distance (of the point X_from the
corresponding side ¢; ; of the polygon) of the n-division
ND(P) of the polygon P. Then

G Cij, Xo > @y jr %o - (10)
Note that if
CeNDp ¢ ; and X+VDp ¢ ;. (11)
then
GCj . Xo = G . X - (12)

For n-division ND(P) and v-division VD(P) every
point XeP determine the pair of sets NDpg ; ,
VDp ¢ j, and two distances (6,(X), 8(X)) satistying (10)
or (12). Therefore for every X we have §(X) <3 (X). We
can write the integral sum leading to the static moment
with respect to the arbitrary fixed side o with respect to

v-division VD(P) using the distance § (X).

n,
1

v e xE) ml, (13)
! 1

S

fori=1,2, ..k j=1,2 ...,11., 11‘ > 3.

Fig. 7. An illustration of a normal n-division
of a polygon and its generalized Voronoi diagram:
a) an example of a normal 6-division of a hexagon;
al) normal 6-division of a hexagon and its generalized Voronoi diagram
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Fig. 8. An illustration of the realization of an excavation
according to the closest distance from the segment of line
of the fraction angle of soil beside the loaded surcharge:
a) K — an excavator with undershot equipment,

S — bulldozer, with the point O lying on the line of natural slope of the cut;
b) two marked regions among fifteen optimum regions of displacement
for internal transportation of excavated materials
(the arrows indicate the direction of displacement of excavated materials)
determined by means of a Voronoi diagram for the polygon;
the dashed line denotes the polygon of the natural slope of the excavation

mEEF === 3= == g= == 57

-)gunxuaaunauna

po———

Fig. 9. Design of geometry of a polygonal pond with the same depth:
a) route survey of regions of the excavation located closest
to the segments of the border of a designed pond
(construction of Voronoi diagram for polygon) with the border line
of the fraction angle of soil beside the loaded surcharge (dashed line);
al) design of the geometry of the excavation (determination
of the truncated roof skeleton (embossed polygon))

Fig. 10: «<Roof over a river and lake»:
a) an illustration of a straight skeleton (roof) that
is an approximation of a curvilinear border of a river.
Two triangular regions limit an approximated fragment of the river.
The ridge line of the roof is the centre line of the river

™
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From (10) and (12) it is easy to see that

Then
lim o'l = [8,(c;, X7)dm 14
n,—0,8, (VD,(c,))»0 VDJ.(H’;( i Xs) (14)
Let us denote
Gy = lim o, (15)
n, -, 8(VD, (c,)) >0 i
k I
c* :=ZZG',-J-. (16)
i=1 j=1
Finally we get
6 <o, (17)

where ¢ denotes the sum of all static moments with
respect to all sides of the polygon for the new n-division
ND(P). On account of (9) and (16), the inequality (17)
finishes the proof.

The property of the polygon division proved above
allows us to define the static moment M, of a generalized
homogeneous polygon with respect to its border.

Then we shall call the expression

]»
M=33  [dlc; X)dm, (18)

i=1j=1VD,(c,)

the static moment of generalized homogeneous
polygon P with respect to its border, where 6(cl.].,X)
denotes the distance of a point X from a line seg-
ment ¢, for Xe P, and VD,(c,) is a Voronoi region for
the polygon P containing the side ¢, i=12 ., kj=
=1,2..1).

The application of the geometry
of roofs and Voronoi diagrams
for polygons to determine the division line
of excavation in earthworks

The static moment for a polygon with respect
to its border can be interpreted as the minimal
work W required to displace the total mass distributed
along the homogeneous generalized polygon to its
boundary. Then we can apply this notion to solve
optimization tasks such as the determination of survey
routes of regions with minimal distance from a cut
slope earthwork design (river aggregate, minerals, ...
(Figs. 7—10).

a
) <
e
&
e,=2e,
€ €
DRGIET] @ 3) e %8 1e 9 ﬂj’e‘
e
4 Y IR ] 2
Z 3121 1 139
€
m| v 4 7 &
1 1 \‘E i‘el
€1 Tl 5T 5
v e>e, <2 %e,, €>28
€ A

Fig. 11. Three metric variants of the roof (6A-R) o from the point of view
of determining the sum of static moments of Voronoi regions
of a generalized Voronoi diagram for a polygon:
a) I variant; al) illustration of the division of the marked region
into two triangles in order to apply the polar static moment formula;
a2) added division of the polygon in order to use formulas (1), (4), and (5);

b) II variant;

¢) III variant

£ fi
* 7 3 ! il
=3 4 g
) 5 "
ey 5 6 vI
J f3 4 5‘\'“"‘-.._“
%
e
e>e, g<lg 111 v fi=eeg-e
3 fi=ete-TEE;
e X
1<31-<2 - S
=1
/ ‘\

Fig. 12. An illustration of the Voronoi diagram division
of the base of a roof of type (6A-R),™ for the computation with minimal work



Example of substitution of a Voronoi diagram
by a roof for a rectangular polygon

A route survey of a division line of an excavation
according to a Voronoi diagram is complicated because
it requires the construction of the arcs of a parabola.
This is not familiar in practice. Hence, it is interesting
to ask whether it is possible to change the parabolic
arcs of the system of lines determined by means of the
construction of Voronoi diagrams using a configuration
defined by a straight skeleton, that is, a roof. It turns out
that for rectangular polygons (allowing regular roofs),
the Voronoi diagram division of the polygon P can be
substituted by the roof division of P with a small relative
error. Using Formulas (1)—(5) for the calculation of
the earthwork made for the sample polygon (in Fig. 11
for the regions 1—7 and in Fig. 12 for regions 1—6),
the relative error between the work computed on the
base of a Voronoi diagram division and roof division
is greater than 0,5% and less than 0,8% [7]. We obtain
a satisfactory result. A route survey of the division line
of an excavation realized in situ according to a straight
skeleton algorithm is easier and may be used in practice.

Conclusions

For rectangular polygons (allowing regular roofs),
the Voronoi diagram division of a polygon can be
substituted by the straight skeleton division of this
polygon with a small relative error. However, a route
survey of the division line of excavation according to
a Voronoi diagram or straight skeleton can be realized
in practice by a suitable device running a GIS navi-
gation system based on Voronoi diagrams or a straight
skeleton mounted on an excavator or a bulldozer.
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CTATMYECKMU MOMEHT A9 MHOTOYTOJIbHUKA
U EFTO NPUMEHEHNA

3. Ko3HeBcKkHu

BenocToKcKkui TeXHOMOrMHECKUI YHMBEPCHUTET,
Monbwa, 15-351, benoctok, yn. Bencka, 45 A,

O6cyraaeTca NPMMEHeHHe reoOMeTPHH Kpbilw (NPSMoi KapKac) M cBsi3aHHBIX ¢ 3TMM gMarpamm BopoHoro
ANS MOJNIMrOHOB, MPHMEHSIEMbIX MPM PelueHMM 3aflay ONMTMMM3ALMM, TaKMX KaK OnpefefieHMe MapLipyToB
CbeMOK obnactei ¢ MMHMMaNbHBIMM CTaTMYECKMMH MOMEHTAMM MO CTOPOHAM MHOrOYroJfibHMKOB. O6bSICHS-
eTcs cneuManbHasi MHTepnpeTauMs NOHSATUSI CTaTUYECKOrO MOMEHTA OTHOCHTENbHO OTPe3Ka IMHMM M MHOTO-
YronbHMKa OTHOCHMTENbHO rpaHMLbl, M ChOPMYNMPOBaHa M AOKa3aHa COOTBETCTBYIoOlLas Teopema. Takke
YKa3aHbl NpMMepbl NOTEHLMANbHOM 3aHATOCTH 3TUX MOHSATMAM.

Keywords: reomeTpusi KpbIlK, NPSIMOM KapKac, AMarpamma BopoHOro fnsi MHOroyronbHMKa, CTaTMYECKMH
MOMEHT OTHOCMTENLHO rPaHMLLbl MHOTOYTOJIbHMKA, 3eMsiHblie paboTkl, HaBMrauMoHHas cuctema M'MC.
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