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       — gonal polygon with k–1 li — gonal holes Ci  

(for i=2, ..., k; li    ≥  3) (cf. [4]). Then the generalized 

polygon has       sides, which we will denote by cij (i= 

=1, 2, ..., k; j = 1, 2, ..., li).
For every such polygon we introduce a special 

division in the following manner. We shall call the set 
ND(P):={Δij}                                            of  simply  connected  regions  

Δij such that             = P,  cij  Ì Fr(Δij),  Int( Δij       ) = 

=Æ,                   1, for  (i’,j’)=( i”,j”),  where  v = 

=         ,  the  normal  v-division  of  the  polygon  P. Notice  

that every sub-region  NDP(cij ) ÎND(P) is bordered 
exactly with the exterior of the polygon P along the  
side cij . It is easy to see that for an arbitrary polygon P  
the important v-divisions are the regular roof (for  
a polygon with allowed positions of vertices) and the 
Voronoi diagram induced by the polygon P [7, 20].

2. v-normal division of a v-gonal polygon. Suppose 
now that a homogeneous mass m(X) is distributed 
along the total generalized polygon P. The introduced 
static moment of the point X with respect to the line  
segment c makes it possible to define the static moment 
of the region RE (of material points with density ρ(X) at 
arbitrary point X) with respect to the line segment c as  
the suitable integral                             .

Under the assumptions mentioned above, we can 
formulate the following theorem. 

Theorem (a static moment of a polygon with respect  
to the border). Among all normal v-divisions of  
a generalized homogeneous v-gon, the sum of static 
moments of Voronoi regions induced by the Voronoi 
diagram of this polygon with respect to its sides is the 
smallest (minimal). 

Proof. Let us consider the polygon P and its Voronoi 
diagram VD(P) as a v-division of polygon P. Let us write 
the integral sum leading to the static moment with 
respect to the arbitrary fixed side cij:

(6)

for i=1, 2, ..., k; j=1, 2, ..., li, li  ≥  3.

Then

(7)

Let us denote

(8)

(9)

Consider the other division of P, namely n-division 
ND(P) of P. Then, there exists at least one point X

o
 and  

a corresponding side     of the polygon P, such that  
X

o
Î           and X

o
 Ï    . It is equivalent that  

it exists          such that       ¹        and X
o  
Ï             .  

Let us denote by δn the distance (of the point X
o
 from the 

corresponding side        of the polygon) of the n-division 
ND(P) of the polygon P. Then

(10)

Note that if

(11)

then

(12)

For n-division ND(P) and v-division VD(P) every  
point   X  ÎP   determine   the   pair   of   sets                    
                  and two distances (δn(X), δ(X)) satisfying (10) 
or (12). Therefore for every X we have δ(X) ≤  δn(X). We 
can write the integral sum leading to the static moment 
with respect to the arbitrary fixed side cij with respect to 
v-division VD(P) using the distance δn(X).

(13)

for i=1, 2, ..., k; j=1, 2, ..., li, li  ≥  3.
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Fig. 7. An illustration of a normal n-division 
of a polygon and its generalized Voronoi diagram: 
a) an example of a normal 6-division of a hexagon; 

a1) normal 6-division of a hexagon and its generalized Voronoi diagram
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Fig. 8. An illustration of the realization of an excavation 
according to the closest distance from the segment of line 
of the fraction angle of soil beside the loaded surcharge: 

a) K — an excavator with undershot equipment, 
S — bulldozer, with the point O lying on the line of natural slope of the cut; 

b) two marked regions among fifteen optimum regions of displacement 
for internal transportation of excavated materials 

(the arrows indicate the direction of displacement of excavated materials) 
determined by means of a Voronoi diagram for the polygon; 

the dashed line denotes the polygon of the natural slope of the excavation

Fig. 9. Design of geometry of a polygonal pond with the same depth: 
a) route survey of regions of the excavation located closest 

to the segments of the border of a designed pond 
(construction of Voronoi diagram for polygon) with the border line 

of the fraction angle of soil beside the loaded surcharge (dashed line); 
a1) design of the geometry of the excavation (determination 

of the truncated roof skeleton (embossed polygon))

Fig. 10: «Roof over a river and lake»: 
a) an illustration of a straight skeleton (roof) that 

is an approximation of a curvilinear border of a river. 
Two triangular regions limit an approximated fragment of the river. 

The ridge line of the roof is the centre line of the river
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Fig. 11. Three metric variants of the roof (6A-R)
P
m from the point of view 

of determining the sum of static moments of Voronoi regions 
of a generalized Voronoi diagram for a polygon: 

a) I variant; a1) illustration of the division of the marked region 
into two triangles in order to apply the polar static moment formula; 

a2) added division of the polygon in order to use formulas (1), (4), and (5); 
b) II variant; c) III variant

Fig. 12. An illustration of the Voronoi diagram division 
of the base of a roof of type (6A-R)P

m for the computation with minimal work

From (10) and (12) it is easy to see that

 
Then

(14)

Let us denote
 

(15)

(16)

Finally we get

σ  ≤  σ*,                                    (17)

where σ* denotes the sum of all static moments with 
respect to all sides of the polygon for the new n-division 
ND(P). On account of (9) and (16), the inequality (17) 
finishes the proof. 

The property of the polygon division proved above 
allows us to define the static moment M

P
 of a generalized 

homogeneous polygon with respect to its border.

Then we shall call the expression

(18)

the static moment of generalized homogeneous  
polygon P with respect to its border, where δ(cij, X)  
denotes the distance of a point X from a line seg- 
ment cij for X ÎP, and VD

P
(cij) is a Voronoi region for  

the polygon P containing the side cij (i = 1, 2, ..., k; j = 
=1, 2, ..., li).

The application of the geometry 
of roofs and Voronoi diagrams 

for polygons to determine the division line 
of excavation in earthworks

The static moment for a polygon with respect  
to its border can be interpreted as the minimal  
work W required to displace the total mass distributed 
along the homogeneous generalized polygon to its 
boundary. Then we can apply this notion to solve 
optimization tasks such as the determination of survey 
routes of regions with minimal distance from a cut  
slope earthwork design (river aggregate, minerals, ...) 
(Figs. 7–10). 

ij
nij

σ ≤ ij
nij

*σ  

ij
n

cVDn ij
ijnij

*lim
0))((, P

σ
→δ∞→

= .),(
)(P

∫
ijnVD

ij
sijn dmXcδ  

,*lim:*
0))((, P

ij
n

cVDn
ij

ij
ijij

σ=σ
→δ∞→

 

.*:*
1 1
∑∑
= =

σ=σ
k

i

l

j
ij

i

 

MP=∑∑ ∫
= =

k

i

l

j cVD
ij

i

ij

dmXc
1 1 )(P

),(δ , 



О
М

С
К

И
Й

 Н
А

У
Ч

Н
Ы

Й
 ВЕС

ТН
И

К
.   С

ЕРИ
Я

 А
ВИ

А
Ц

И
О

Н
Н

О
-РА

К
ЕТН

О
Е И

 Э
Н

ЕРГЕТИ
Ч

ЕС
КО

Е М
А

Ш
И

Н
О

С
ТРО

ЕН
И

Е   ТО
М

 2   №
 1   2018 

O
M

SK
 SC

IEN
TIFIC

 BU
LLETIN

.   SERIES AV
IA

TIO
N

-RO
C

K
ET A

N
D

 PO
W

ER EN
G

IN
EERIN

G
   V

O
L. 2   N

O
.  1   2018

15

Example of substitution of a Voronoi diagram 
by a roof for a rectangular polygon

A route survey of a division line of an excavation 
according to a Voronoi diagram is complicated because 
it requires the construction of the arcs of a parabola. 
This is not familiar in practice. Hence, it is interesting 
to ask whether it is possible to change the parabolic 
arcs of the system of lines determined by means of the 
construction of Voronoi diagrams using a configuration 
defined by a straight skeleton, that is, a roof. It turns out 
that for rectangular polygons (allowing regular roofs), 
the Voronoi diagram division of the polygon P can be 
substituted by the roof division of P with a small relative 
error. Using Formulas (1)–(5) for the calculation of 
the earthwork made for the sample polygon (in Fig. 11 
for the regions 1–7 and in Fig. 12 for regions 1–6), 
the relative error between the work computed on the 
base of a Voronoi diagram division and roof division 
is greater than 0,5 % and less than 0,8 % [7]. We obtain 
a satisfactory result. A route survey of the division line 
of an excavation realized in situ according to a straight 
skeleton algorithm is easier and may be used in practice.

Conclusions

For rectangular polygons (allowing regular roofs), 
the Voronoi diagram division of a polygon can be 
substituted by the straight skeleton division of this 
polygon with a small relative error. However, a route 
survey of the division line of excavation according to  
a Voronoi diagram or straight skeleton can be realized 
in practice by a suitable device running a GIS navi- 
gation system based on Voronoi diagrams or a straight 
skeleton mounted on an excavator or a bulldozer.
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СТАТИЧЕСКИЙ МОМЕНТ ДЛЯ МНОГОУГОЛЬНИКА 

И ЕГО ПРИМЕНЕНИЯ 

Э. Козневски

 Белостокский технологический университет, 
Польша, 15-351, Белосток, ул. Вейска, 45 A,  

Обсуждается применение геометрии крыш (прямой каркас) и связанных с этим диаграмм Вороного 
для полигонов, применяемых при решении задач оптимизации, таких как определение маршрутов  
съемок областей с минимальными статическими моментами по сторонам многоугольников. Объясня-
ется специальная интерпретация понятия статического момента относительно отрезка линии и много-
угольника относительно границы, и сформулирована и доказана соответствующая теорема. Также 
указаны примеры потенциальной занятости этих понятий.
 
Keywords: геометрия крыши, прямой каркас, диаграмма Вороного для многоугольника, статический 
момент относительно границы многоугольника, земляные работы, навигационная система ГИС.
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